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1 Introduction

The importance of tree based methods in machine learning research is undeniable. Although

Classification and Regression Trees (CART) ((Breiman, Friedman, Olshen & Stone 1984)) have

fundamental importance in this regard, ensemble methods that combine a set of tree models, such

as boosting (Freund & Schapire 1997 [2]), bagging (Breiman 1996 [1]), random forests (Breiman

2001 [5]), etc., have turned out to be much popular with time. Bayesian versions motivated by

these methods, such as Bayesian CART (Chipman, George & McCulloch 1998 [3]), Bayesian Ad-

ditive Regression Trees (BART) (Chipman, George & McCulloch 2010 [7]), etc. have established

themselves as effective weapons for attacking challenging machine learning problems. However, an

effective paradigm that can unify all these approaches, seems to be lacking.

In this work, we propose a novel mixture of tree models with random number of components

using a flexible Dirichlet process Bayesian framework introduced by (Bhattacharya 2008 [6]). As

we shall show, this model includes all the aforementioned tree based approaches as simple special

cases. Indeed, when we implement this Bayesian nonparametric model using sophisticated MCMC

based approaches combining Gibbs sampler and backfitting MCMC approaches, each such MCMC

iteration is expected to yield a relevant model that best explains the underlying data, and such a

model may be one of the existing tree models, if borne out by the data. Thus, by model averaging,

the posterior predictive of our Dirichlet process model is expected to surpass all the existing tree

based approaches in terms of performance. Of course, the true, data-generating model is also

expected to learned in terms of minimizing the Kullback-Leibler divergence from the true model.

Moreover, the traditional neural network model with one hidden layer is also a special case of our

general Dirichlet Process based tree mixture with variable number of components.

We aim to devise a very sophisticated MCMC based Bayesian computational algorithm, that is yet

very much amenable to parallel computation, for both CPU and GPU architectures.

2 The Cart Model

2.1 Problem

We have a response variable Y , and a set of predictors xxx = (x1,⋯, xp). We need to describe the

distribution of Y given the predictors.

2.2 Model

The model consists of two components: a tree T with b terminal nodes and a parameter vector

Θ = (θ1,⋯, θb), where the parameter θi is associated with the ith terminal node of T .

Each internal node of T has an associated splitting rule that uses a predictor to assign observations

to either its left or right child nodes. Hence, the terminal nodes partition the observation space

according to the subdivision defined by the splitting rules.

Assumptions:

• If x lies in the region denoted by the ith terminal node, then y∣x has distribution f(y∣θi),

where f is a parametric family indexed by θi.
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• The distribution of y values inside a terminal node are iid.

• Distribution of y values across different terminal nodes are independent.

For any given tree T , let yij denote the jth observation associated with the ith terminal node. Here,

j ∈ {1, ..., ni},∀i ∈ {1, ..., b}, where ni denotes the number of observations in the ith terminal node.

Define:

Y ≡ (Y1, ..., Yb),where Yi ≡ (yi1, ..., yini)

Hence, we have:

p(Y ∣X,Θ, T ) =
b

∏
i=1
f(Yi∣θi) =

b

∏
i=1

ni

∏
j=1

f(yij ∣θi)

f is taken as required for the problem.

3 The Mixture Model

We consider a situation when Y comes from a miture distribution with k components. With the

same notions and notations of Chipman et al. (1998), we have the following mixture:

[Y ∣X,Θ1, ...,ΘM , T1, ..., TM ] =
M

∑
i=1
pif(Y ∣X,Θi, Ti) (1)

where for i = 1, ...,M, pi ∈ [0,1] with ∑pi = 1, and for i = 1, ...,M , (Θi, Ti) ∼ G and G ∼ DP (αG0),

the Dirichlet process with scale parameter α and expected measure G0 . We assume that under G0,

[T ] has a distribution as described in 4.1 and that [Θ∣T ] have the same distributions as described

in 4.2.

Due to discreteness of Dirichlet process, (Θi, Ti); i = 1, ...,M , are coincident with positive proba-

bility. This property implies that 1 reduces to the following form:

[Y ∣X,Θ1, ...,ΘM , T1, ..., TM ] =
k

∑
i=1
p∗i f(Y ∣X,Θ∗

i , T
∗
i ) (2)

where k ≤M, (Θ∗
i , T

∗
i ); i = 1, ..., k are the distinct elements of (Θi, Ti); i = 1, ...,M , and p∗i is the

sum of pj over indices j such that (Θj , Tj) are coincident. We assume a Dirichlet prior distribution

over the mixture probabilities (p1, ..., pM); however, the deterministic choice pi = 1/M may also

be envisaged and has been demonstrated to outperform the Dirichlet prior in some important

applications.

Importantly, 2 is a mixture of random number of components and hence far more flexible compared

to all existing tree-based models. Moreover, if k → ∞ (when M → ∞), then 2 can approximate

any stand-alone tree-based model. Furthermore, for various values of the scale parameter α, it can

be shown that 2 boils down to various popular tree-based models, such as random forest, bagging,

boosting, etc. The single layer feedforward neural network model is also included as a special case.

Thus, a prior on α encapsulates all the sensible machine learning models.
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3.1 Reparameterization

We define the set of allocation variables Z = (z1,⋯, zn)
′ where zi denote the class to which the

ith point belongs. Let Θ∗
M = {θ∗1 ,⋯, θ

∗
k} denote the distinct components in ΘM . Hence, k is the

number of distinct components. We take the configuration vector C = (c1,⋯, cM)′ where cj = l iff

θj = θ
∗
l for j ∈ {1,⋯,M} and l ∈ {1,⋯, k}. Here θj denotes the pair (Θj , Tj).

Hence, the model can be reparameterized in terms of (Z,C, k,Θ∗
M). Notation:

• Y = (y1, ..., yn) is the response variable.

• j ∈ {1, ...,M} is used to index the different trees in the mixture model, where M is the

maximum possible number of components.

• g(ij) denotes the terminal node to which the ith sample point is assigned to by the jth tree.

Here, ∀j, g(ij) ∈ {1, ..., bj} where bj denotes the number of terminal nodes in the jth tree.

Hence, the model:

p(zi = j) =
1

M
, ∀j ∈ {1, ...,M} (3)

(Θj , Tj) ∼DP (α,G0) (4)

p(yi∣zi = j,Θ, T ) = f(yi∣θg(ij)) (5)

Where G0 is a prior on (θ, T ) as described in Section 4. Hence,

p(Y ∣Z,Θ, T ) ∝
m

∏
j=1
∏
i∶zi=j

f(yi∣θg(ij))

For Regression Trees, we consider two possible models:

1. Mean Shift model, with θg(ij) = (µg(ij), σ2):

yi∣(zi = j, θg(ij)) ∼ N(µg(ij), σ2)

2. Mean-variance Shift model, with θg(ij) = (µg(ij), σ2g(ij)):

yi∣(zi = j, θg(ij)) ∼ N(µg(ij), σ2g(ij))

For classification trees, yi ∈ {C1, ...,Ck}, where Ci denotes the different classes. In this case:

f(yi∣zi = j, θg(ij)) =
K

∏
k=1

(pg(ij),k)I(yi∈Ck)

where θg = (pg1, ..., pgK). Here, pgk ∶= P (yi ∈ Ck∣zi = j).

4 The Prior Specification

The CART model is well-specified by (Θ, T ). The Bayesian Cart model introduced in Chipman

et al. (1998)[3] provides a prior distribution p(Θ, T ) for (Θ, T ). In this section, we describe this
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prior, which will serve our purpose for G0. For convenience, we use the relationship:

p(Θ, T ) = p(Θ∣T )p(T )

Hence, we first describe the prior on T as p(T ). Then, we will describe the parameter prior, given

the tree, denoted by p(Θ∣T ).

4.1 The Tree Prior Specification

We first specify p(T ) using a tree generating stochastic process.

1. Begin by setting T to be the trivial tree with single node (both root and terminal) denoted

by η.

2. split terminal node η with probability psplit(η, T ).

3. If split occurs, assign it a splitting rule ρ according to the distribution prule(ρ∣η, T ) to create

right and left children nodes.

4. Continue the above steps 2 & 3 until termination.

Here, prule(ρ∣η, T ) and psplit(η, T ) are functions of the tree above. Typical choices for psplit(η, T )

are:

1. psplit(η, T ) ≡ α (constant). Its limitation is that it assigns equal probability to all trees with

b terminal nodes irrespective of their shapes.

2. psplit(η, T ) = α(1 + dη)
−β, where dη is the depth of that root and β > 0. Here, the probability

to split is a decreasing function of depth. For Large values of β, deeper nodes are unlikely to

split.

For prule(ρ∣η, T ), we can take the uniform prior. i.e, uniformly choosing a variable to split on and

taking a split point uniformly at random for that variable.

Next, we specify the parameter prior P (Θ∣T ).

4.2 Parameter Priors

Given a tree structure Tj , we describe the prior for Θj associated with Tj . Let bj denote the number

of terminal nodes in the Tj . Further, for any fixed j, we introduce the following notation:

• Let Ajg = {i ∶ zi = j, g(ij) = g}, i.e, the set of points that lie in the gth terminal node of the

jth tree.

• ng = ∣Ajg ∣, i.e, the number of observations in the gth terminal node of the jth tree.

• Yjg = {yi ∶ i ∈ Ajg}
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4.2.1 Regression Trees

The simplest specification is the conjugate prior:

µg ∣σ, iid ∼ N (µ̄,
σ2

a
)

and

σ2 ∼ IG(
ν

2
,
νλ

2
)

Some analytic simplifications show that under the above prior, we get:

p(Yj ∣Xj , Tj) =
cabj/2

∏
bj
g=1(ng + a)1/2

×
⎛

⎝

bj

∑
g=1

(sg + tg) + νλ
⎞

⎠

−(n+ν)/2

Here, c is a constant. sg = ∑i∈Ajg
(yi− Ȳjg)

2 and tg = [nga/(ng +a)](Ȳjg − µ̄)
2, where Ȳjg is the mean

of Yjg

4.2.2 Classification Trees

In a classification tree where yi belongs to one of K categories C1, ...,CK , we have Θj = (p1, ..., pbj)

has the standard dirichilet distribution of dimension K − 1 with α = (α1, ..., αK):

p1, ..., pbj ∣T iid ∼Dirichlet(pi∣α) ∝ pα1−1
i1 ...pαK−1

iK

The above prior gives the following marginal distribution:

P (Yj ∣Xj , Tj) = (
Γ (∑k αk)

∏k Γ(αk)
)

bj bj

∏
g=1

∏k Γ(ngk + αk)

Γ(ng +∑k αk)

where ngk = ∑i∈Ajg
I(yi ∈ Ck), ng = ∑k ngk and k ∈ {1, ...,K}

5 Conditional distributions

We have described our model in section 3 and the prior distributions in section 4. Next, we describe

our procedure for Gibbs Sampling by obtaining the conditionals for the posterior distribution.

5.1 Allocation Variables Z

zi denotes the class to which the ith point belongs.

[yi∣zi = j,C, k,Θ
∗
M ] =

1
√

2πσ
exp{−

1

2σ2
(yi − µg(ij))

2
}
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Hence, we have:

[zi = j ∣ Y,Z−i,C, k,Θ∗
M ] ∝

1

σ
exp{−

1

2σ2
(yi − µg(ij))

2
}

5.2 Configuration Variables C and k

Let kj denote the number of distinct values in Θ−jM .

[cj = l ∣ Y,Z,C−j , kj ,Θ∗
M ] =

⎧⎪⎪
⎨
⎪⎪⎩

κqlj if l ∈ {1,⋯, kj}

κq0j if l = kj + 1

where,

qlj = Mlj (
1

2πσ2
)

nj
2

exp

⎡
⎢
⎢
⎢
⎢
⎣

1

2σ2
∑
i∶zi=j

(yi − µg(il))2
⎤
⎥
⎥
⎥
⎥
⎦

Where Mlj is the number of times θ∗l occurs in Θ−jM .

Since this is a non-conjugate case, q0j is not available in closed form. Hence, we modify our Gibbs

sampling strategy by bringing in auxiliary variables in a way similar to that of Algorithm 8 in

Neal (2000) [4] as described in Mukhopadhyay and Sourabh Bhattacharya 2012 [8]. To clarify, let

θa = (Θa, T a) denote an auxiliary variable. Then, before updating cj we first simulate from the full

conditional distribution of θa given the current cj and the rest of the variables as follows:

• if cj = cl for some l ≠ j, then θa ∼ G0

• if cj ≠ cl∀l ≠ j, set θa = θ∗cj

Once θa is obtained, we replace q0j with the tractable expression:

qaj = α(
1

2πσ2
)

nj
2

exp

⎡
⎢
⎢
⎢
⎢
⎣

1

2σ2
∑
i∶zi=j

(yi − µg(ia))2
⎤
⎥
⎥
⎥
⎥
⎦

once all the cj are updated, k is obtained as the number of unique values in C.

5.3 Conditionals for θj = (Θj, Tj)

We assume that under G0 , [T ] and [Θ∣T ] have the same distributions as specified in Sections 3

and 4, respectively, of Chipman et al. (1998). Hence, the posterior here is identical to the posterior

distribution of the Bayesian Cart model.

Consider the set:

Yj = {yi ∶ zi = j}

We simulate (Tj ,Θj) by the posterior search metropolis - hastings algorithm described below. We

perform this search for all the distinct components: (Yj , Tj ,Θj), j ∈ {1, ..., k}:
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5.3.1 Tree Posterior Search

For this section, we dropping the subscript j for simplicity. We describe the search for the triplet

(Y,T,Θ).

For the metropolis Hastings algorithm, we first consider the following transition kernel:

The kernel q(T,T ∗) generates a new tree T ∗ from the tree T by randomly choosing one of the four

steps:

• GROW: Randomly pick a terminal node and split it into two new ones by randomly assigning

it a splitting rule according to pRULE used in the prior.

• PRUNE: Randomly pick a parent of two terminal nodes and turn it into a terminal node by

collapsing the nodes below it.

• CHANGE: Randomly pick an internal node, and randomly reassign it a splitting rule accord-

ing to pRULE used in the prior.

• SWAP: Randomly pick a parent-ehild pair that are both internal nodes. Swap their splitting

rules unless the other child has the identical rule, in which case swap the splitting rule of the

parent with that of both children.

Using the above kernel, we have the following M-H algorithm to generate the markov chain T0, T1, ...:

1. Generate a candidate T ∗ from distribution q(Ti, T
∗)

2. Define:

α(Ti, T
∗
) ∶= min{

q(Ti, T
∗)

q(T∗, T i)
p(Y ∣X,T ∗)P (T ∗)
p(Y ∣X,T i)P (T i)

, 1}

Set Ti+1 ∶= T ∗ with probability α(Ti, T
∗) and Ti with probability 1 − α(Ti, T

∗).

Here, it is important to note that p(Y ∣X,T ) can be explicitly obtained by integrating over the

parameters Θ, as has been shown in the section 4.2.

5.3.2 Parameter Posterior

Once we have drawn Tj from its posterior, we next simulate Θj by gibbs sampling:

p(Yj ,Θj ∣Z,T ) ∝

bj

∏
g=1

⎛

⎝
∏

i∶g(ij)=g

1

σ
exp [−

1

2σ2
(yi − µg)

2
]
⎞

⎠
×

bj

∏
g=1

√
a

σ
exp [

a

2σ2
(µg − µ̄)

2
]×

βα

(σ2)α+1
exp(−

β

σ2
)

Hence, given σ2, posterior for µg is N(µ1, σ
2
1) where:

σ21 = (
a

σ2
+
ng

σ2
)
−1

=
σ2

a + ng

and
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µ1 = σ
2
1 (
aµ̄

σ2
+
ngȲgj

σ2
)

Again, given µg for all the terminal nodes of Tj , we have the posterior of σ2 as:

σ2j ∣ (µj1, ..., µjbj), Tj ∼ IG
⎛

⎝

ν

2
+
nj

2
,
νλ

2
+

1

2

bj

∑
g=1
∑
i∈Ajg

(yi − µjg)
2⎞

⎠

where Ajg = {i ∶ zi = j, g(ij) = g}, i.e, the set of points that lie in the gth terminal node of the jth

tree.
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