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Background

Stochastic Optimization
min (x, P) X': space of feasible decisions
e P: probability distribution

‘ Machine Learning ‘ Portfolio Optimization ‘ Newsvendor ‘
‘ Randomness(P) ‘ features and response ‘ asset returns ‘ demand ‘
‘ Decision (x) ‘ prediction model ‘ allocation weights ‘ inventory level ‘
‘ Objective(v)) ‘ expected loss ‘ risk-return criterion ‘ expected revenue ‘
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Background

P is unknown, incurring uncertainties like:

e Data or Statistical Uncertainty:

o Addressed through data-driven optimization approaches!

IShapiro, Darinka, and Andrzej 2016.
?Hansen and Sargent 2016.
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Background

P is unknown, incurring uncertainties like:

e Data or Statistical Uncertainty:

o Addressed through data-driven optimization approaches!

e Distribution Shift:

o Motivates robust optimization methods?

IShapiro, Darinka, and Andrzej 2016.
?Hansen and Sargent 2016.
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Common Approaches
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Empirical Optimization (EO)

Replace P with it's empirical estimate:

xE0 = x*(P,)
~——

best decision at .f’,,

3Vaart 1998; Kim, Pasupathy, and Henderson 2015.
“Lam 2021.
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Empirical Optimization (EO)

Replace P with it's empirical estimate:
xx 0= x"(Py)
~~ .
best decision at P,
e Most natural way to handle statistical uncertainty?
e Result*:

o EO gives statistically best regret

\

R(X: Q) = ¢(X7 Q) —1/)()(*((\))7 Q)

achieved loss oracle loss

3Vaart 1998; Kim, Pasupathy, and Henderson 2015.
“Lam 2021.
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Distributionally Robust Optimization (DRO)®

DRO tries to protect against worst case objective:

xPRO . _ arg min max ¥(x, Q)

xeX Qely

for some ambiguity set Uf).

5Delage and Ye 2010; Goh and Sim 2010; Ben-Tal et al. 2013.
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Distributionally Robust Optimization (DRO)®

DRO tries to protect against worst case objective:

xPRO . _ arg min max ¥(x, Q)

xeX Qe
for some ambiguity set /. Example: ¢-divergence ambiguity
Uy ={Q:d(Q,P) <A}

where d(-, ) is any ¢-divergence (like x? or KL - divergence)

5Delage and Ye 2010; Goh and Sim 2010; Ben-Tal et al. 2013.
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Performance of DRO

e RO/DRO are robust in the sense of a worst-case objective guarantee®:

DRO DRO _
P[w(x P) < max i(x ,Q)}zl 5

5Zeng and Lam 2022; Delage and Ye 2010; Mohajerin Esfahani and Kuhn 2017.
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Performance of DRO

e RO/DRO are robust in the sense of a worst-case objective guarantee®:

DRO DRO _
P[w(x P) < max i(x ,Q)}zl 5

However, robustness in regret is unclear

5Zeng and Lam 2022; Delage and Ye 2010; Mohajerin Esfahani and Kuhn 2017.
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Main Result

Under general uncertainty, naive optimization gives the best regret
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Main Result

P estimated from data
P shifted to Q
Combination of both

Over any reasonable approach
(includes DRO)

Under general uncertainty, naive optimization gives the best regret, due to symmetry.

/

current best guess symmetry of uncertainty

Asymptotic worst case second order stochastic dominance
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A (Protection Parameter) increases

n (Shift Parameter) increases
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n (sample size)

Compare EO against x> — DRO

(under y?—divergence shift)
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A (Protection Parameter) increases

n (Shift Parameter) increases
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n (Shift Parameter) increases
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Recall: Main Result

P estimated from data
P shifted to Q Over any reasonable approach

Combination of both (includes DRO)

Under general uncertainty, naive optimization gives the best regret, due to symmetry.

/

current best guess symmetry of uncertainty

Asymptotic worst case second order stochastic dominance
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The Competing approaches

We consider solutions of the form:

x) =~ xEO 4 AK

This includes:

e DRO (¢ — divergence, Wasserstein) with protection parameter A

e Regularization with parameter A
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Performance Criterion: Worst Case Second Order Stochastic Dominance

e With suitable scaling,
[s-R(xE°, Q)] %Y and [s-R(x* Q)% Z

e 7 dominates Y if for any non-decreasing convex function u:

E[u(Y)] < E[u(2)]
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Performance Criterion: Worst Case Second Order Stochastic Dominance

e With suitable scaling,
[s-R(xE°, Q)] %Y and [s-R(x* Q)% Z
e 7 dominates Y if for any non-decreasing convex function u:
E[u(Y)] < Elu(Z)]

For example: E[Y] < E[Z] and E[Y?] < E[Z?]
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Performance Criterion: Worst Case Second Order Stochastic Dominance

e With suitable scaling,
[s-REC, Q1LY and [s-R(xQ) Lz
e 7 dominates Y if for any non-decreasing convex function u:
E[u(Y)] < E[u(2)
For example: E[Y] < E[Z] and E[Y?] < E[Z?]
Worst Case Dominance

sup E [u (s R(xE2, @))] < sup E[u(5-R(x,Q))]

Qelty QeUy
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Main Result

e n: Sample size
e 7): Distribution shift parameter

e \: Protection/Regularization parameter

Theorem
As (n,n,\) — (00, 0,0) at any rate,

lim sup E {u (s R(xE© Q))} (nn/\)'_)ﬁg sup E [ (5 - R(xp, Q))]

(nm)—(c0.0) Qeut, 00,0,0) Qelty,
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Symmetry of Uncertainty

e No Distribution Shift: [x5° — x*(P)] is symmetric

e Under Distribution Shift: We introduce a notion of symmetry:

Qe Uy(P) = IQ e Up(P) s.t [x"(P) — x*(Q)] = [x*(P) + x*(Q)]
Asymptotically satisfied by most common choices of U4,

e 0 shifts to 8 € Uy, = (8o — 1,60 + 1)
e Pshiftsto Q e Uy, ={Q : dp(Q, Po) < n}
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Exploiting Symmetry

Notice that:

Regret(2, Q) ~ 5(% ~ x*(Q) V(% ~ '(Q))
~ Ik x (@l

o5~ xE0) + (B0 - ' (P) + (+'(P) - X' (@) |

symmetric

2

D

We exploit this idea to provide a unified treatment for all the three cases

Arindam Roy Chowdhury e INFORMS 2024 | Common Approaches e 15/19




Regret is symmetric, objective is not

e Loss is not symmetric
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e Loss is not symmetric

o DRO protects against Q with high objective

e Symmetric counterpart Q has high regret
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Regret is symmetric, objective is not

e Loss is not symmetric

o DRO protects against @ with high objective

e Symmetric counterpart Q has high regret
(with high regret)

Conclusion

If the goal is to minimize regret, central estimates work the best
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Thank You

Questions?
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